We will also note that these results are valid in certain topological groups.
1. The main result. Theorem 1. Let (rn) be a lacunary sequence and let V? be the set of x for which the sequence (rnx) is w.d. Then ju(%v)=0.
Proof. We will first prove the following lemma from which the theorem will follow easily. Lemma 2. Suppose that, for w^2, rn/rn-i^r>2 and that I is any closed subinterval of the unit interval for which r\\l\\ 2:2. Then, given any integer k,for almost all x there exists an integer n ( = n(x)) such that each of the terms rn+ix, rn+2x, ■ ■ ■ , rn+kX lies in I {modulo 1).
Proof. Let 0 be any bounded interval and let Sk be the above set.
We will show that ju(en5fc)^/i(J)*(l/3)V(0) which in turn implies, (For a proof of this result, see [9] .) This contrasts with the case (a"x) (a integral) which, as mentioned before, is never w.d. and raises the question as to further information in both the lacunary case and nonlacunary case. In the lacunary case we have the following Theorem 3. Suppose lim(r"/rn_i) =r>l (where r may be infinite). Then (i) if r = oo, the Hausdorff dimension of V? is 1.
(ii) if r is finite, W may be empty or (uncountably) infinite.
Proof, (i) Let (xn) be any w.d. sequence. Using the same method as Erdos and Taylor [16] we may show that the set of x for which rnx->xn (modulo 1) has dimension 1, and it is known that if (xn) is w.d. and y"-*xn (modulo 1) then (y") is w.d. so the result follows.
(ii) An example satisfying the first part has already been given. For the second part, let (nk) be any "rapidly increasing" sequence of integers (say, (nk) lacunary) and let 0= ^T,k (l/2)n*. Then it is easy to see, since 6 is irrational and the nonzero terms in the binary expansion of 0 are "rare," that the sequence ((2n+n)8) is w.d.
Notice that the set of 8 given in part (ii) has Hausdorff dimension 0. It would be interesting to know whether a set of positive dimension (dimension 1) can be constructed.
In the other direction we have the following for every f ECiG), or even only for every continuous character xSuppose now that G is second countable (so that the character group X is countable) and that G is connected (so that the character group X is torsion-free (see [8, Theorem 24 .25])) and let x be any character, X^l, T the unit circle. Then x iG) = T, x_1 is measurable and, if U is any measurable subset of T then piU) =vix~1(U)) since v\~x is a translation-invariant measure on T. We can therefore deduce some distribution theorems on G from the corresponding theorems on T. For example, if ink) is a strictly increasing sequence of positive integers, then for p-a.a. x in G the sequence of ixnk) is u.d. If ink) is a lacunary sequence of integers, then for p-a.a. x the sequence (x"*) is not w.d. The first-mentioned result generalizes a result of Halmos and
